In this paper, an efficient and high-order accuracy finite difference method is proposed for solving multidimensional nonlinear Burgers' equation. The third-order three stage Runge-Kutta total variation diminishing (TVD) scheme is employed for the time discretization, and the three-point combined compact difference (CCD) scheme is used for spatial discretization. Our method is third-order accurate in time and sixth-order accurate in space. The CCD-TVD method treats the nonlinear term explicitly thus it is very efficient and easy to implement. In addition, we prove the unique solvability of the CCD system under non-periodic boundary conditions. Numerical experiments including both two-dimensional and three-dimensional problems have been conducted to demonstrate the high efficiency and accuracy of the proposed method.
For the multidimensional coupled Burgers' equations, there are also a lot of studies [25] [26] [27] [28] [29] . For instance, a modified local Crank-Nicolson scheme was developed by Huang and Abduwali [25] . A fully implicit finite difference scheme was utilized by Bahadir [26] to solve the 2D viscous Burgers' equations. Based on the 2D Hopf-Cole transformation, the Crank-Nicolson scheme together with standard fourth-order explicit compact finite difference method were utilized by Liao [27] to solve the 2D viscous Burgers' equations. However, the assumption that the vector consisting of unknown variables is irrotational, i.e., potential symmetry condition [27] is needed for the 2D Hopf-Cole transformation, while this condition is only satisfied at certain special cases as mentioned in [27] . Therefore, the general 2D coupled viscous Burgers' equations can not be solved by the method of Liao [27] . A Crank-Nicolson scheme together with a linearized approach were developed by Campos et al. [28] . Recently, a linearized high-order accurate CCD-ADI method was proposed in [29] to solve 2D/3D coupled Burgers' equations.
The aim of this paper is to derive a high-order accurate and efficient numerical method for solving the multidimensional coupled Burgers' equations. To achieve this goal, the third-order total variation diminishing Runge-Kutta (TVD-RK3) scheme and the three-point sixth-order combined compact difference (CCD) scheme will be introduced to solve coupled Burgers' equations. The CCD scheme was first proposed by Chu and Fan [30] to solve 1D steady convection-diffusion equation. According to fourier analysis, the CCD scheme possesses better spectral resolution than many other existing high-order schemes [31] . For the compact three-point stencils and high-order accuracy, it has been proved to be very efficient to solve different kinds of differential equations [32] [33] [34] [35] [36] [37] [38] [39] .
In this paper, we will develop an efficient spatial sixth-order linearized method to solve multi-dimensional Burgers' equations. In our numerical scheme, we treat the coupled Burgers' equations in their original form, use the famous TVD-RK3 scheme for the temporal discretization, and adopt the three-point sixth-order CCD scheme for the spatial discretization. Moreover, the unique solvability of the linear CCD system for calculating sixth-order approximations to the first and second derivatives is obtained. When using numerical methods based on Hopt-Cole transformations [23] , some potential symmetry conditions should be imposed, which restricts the application of the method. Our method directly solves the original Burgers' equations, avoiding the use of Hopf-Cole transformation, and can be applied to the problems with general initial boundary conditions. The proposed CCD-TVD method is third-order accurate in time, sixth-order accurate in space, and is a linearized, explicit scheme, which can be implemented easily.
The rest part of this paper is organized as follows. Section 2 states the initial boundary problem for the 3D coupled Burgers' equations. Section 3 presents a CCD-TVD method to solve the 3D coupled nonlinear Burgers' equations. We provide a theoretical proof for the unique solvability of the CCD system in section 4. Section 5 gives the numerical results for 1D, 2D and 3D problems, and conclusions are provided in the final section.
Multi-dimensional coupled Burgers' equations
In this paper, we will present the CCD-TVD method for the following 3D coupled nonlinear viscous Burgers' equations,
2) 4) and boundary conditions
Re is the Reynolds number. And we assume that the exact solutions u, v, w are all sufficiently smooth functions. The CCD-TVD method presented in next section can be applied straightforwardly to 1D and 2D nonlinear Burgers equations.
CCD-TVD method
For a positive integer N, let ∆t = T/N, t n = n∆t. The time interval [0, T ] is covered by {t n |n = 0, · · · , N}. Let f n be the approximation of f (x, y, z, n∆t) for an arbitrary function f (x, y, z, t) at time t = n∆t. The solution domain
Temporal discretization
It is well known that the TVD-RK3 method has a CFL coefficient equal to 1, which means that it maintains stability under the same time step restriction as forward Euler scheme. And it is also pointed that the general four stage fourth order Runge-Kutta methods cannot be TVD without introducing an adjoint operator [40] . For time discretization, we adopt the TVD-RK3 scheme for Eqs. (2.1)-(2.3) around t = t n as follows:
2)
Note that the above discretizations are only for time. And as is verified in [40] that equations above have the truncation error O(∆t 3 ) .
Spatial approximation

CCD scheme
The CCD method was originally proposed to solve 1D steady convection-diffusion equation. Since the TVD-RK3 scheme (3.1)-(3.9) is an explicit scheme, we only need to obtain the high-order approximation to the first and second derivatives of u, v, and w. Below we just summarize the CCD method, which will be used to compute the sixth-order approximations to these derivatives. (u
The above two relations are valid up to O(h 6 ) when the exact solution u(x) is 8-times continuously differentiable. For boundary points, the three-point one-side fifth-order schemes are used,
Since there are only 2M equations above, we also need two additional boundary CCD equations
to compute the all 2(M + 1) unknown derivatives u
. In order to write the CCD system (3.10)-(3.15) in a concise style, we order all the unknowns in the natural columnwise sense,
where the unknown derivative vectors are
and the known function vector is
Let m M + 1, then we can rewrite the CCD system (3.10)-(3.15) as the following 2 × 2 block linear system,
where
. . .
. . . 
. . . 19) and
. Then, we can get u x , u xx immediately by performing one matrix-vector multiplication IAB · u. Here A1, A2, A3, A4 and B1, B2 are all constant tridiagonal matrix independent of time level, thus the matrix IAB only need be calculated once.
The above CCD scheme (3.10)-(3.15) is sixth-order accurate [30, 37] . Combining the third-order accuracy in time, the overall accuracy of u, v and w is O((∆t) 3 + (∆x) 6 + (∆y) 6 + (∆z) 6 ).
Implementation of CCD-TVD scheme
Algorithm 1 describes the detailed implementation of the CCD-ADI method (3.1)-(3.9) together with (3.10)-(3.15) for solving the 3D coupled nonlinear Burgers equations (2.1)-(2.5).
Remark 1. The CCD-TVD method presented in the following section can be applied straightforwardly to 2D coupled nonlinear Burgers' equations and 1D Burgers' equation.
Remark 2. The CCD-TVD method doesn't rely on the condition that the initial vorticity is zero. Thus, it can be applied to the multi-dimensional coupled Burgers' equations with general initial and boundary conditions.
Unique solvability of the CCD system
In this section,we provide a theoretical proof for the uniqueness of the numerical solution of (3.17).
g) is an m-by-m semi-circulant matrix determined by 3 circulant elements a,b,c and 4 boundary elements d,e,f and g, which is defined as follows,
Lemma 1.
Step 1: Compute the right-hand side of (3.1)-(3.3) for all mesh points.
and w (1) using (3.1)-(3.3) for all mesh points.
4:
Step 2: Compute the right-hand side of (3.4)-(3.6) for all mesh points.
and w (2) using (3.4)-(3.6) for all mesh points.
5:
Step 3: Compute the right-hand side of (3.7)-(3.9) for all mesh points. a 1 b 4 + a 2 b 1 , d 2 = a 1 b 5 + a 2 b 2 + a 3 b 1 , d 3 = a 2 b 3 + a 3 b 2 , d 4 = a 3 b 3 ,  d 5 = a 1 b 1 , d 6 = a 1 b 2 + a 2 b 1 , d 7 = a 1 b 3 + a 2 b 2 + a 3 b 7 , d 8 = a 2 b 3 + a 3 b 6 ,   c 1 = a 1 b 1 , c 2 = a 1 b 2 + a 2 b 1 , c 3 = a 1 b 3 + a 2 b 2 + a 3 b 1 ,
Proof. This lemma can be verified through direct computation. Proof. This lemma can be found in any elemental Linear algebra text book.
Theorem 1. The CCD linear system (3.17) has a unique solution.
Proof. Using Definition 1, from (3.17) we know 
In the following, we will show that the coefficient matrix of the above 2 × 2 block linear system is nonsingular.
The determinant of the coefficient matrix can be calculated as follows:
, 1, , 0, 9 8 , h, 2h, h, 2h) C
, 1, , 0, 9 8 , 1, 2, 1, 2) + 
, 0, 37 + 12 √ 7,
, 1,
, 1, 
and C 3 m (0, 1, 0, 1, 0, 1, 0) is identity matrix which is commutative to any matrix of the same size. Using Lemma 1 and Lemma 2, we have
Next, we will apply a series of elementary transformation to the above five-diagonal matrix to show that it isFinally, we obtain It is clear that the last matrix is strictly diagonally dominant, thus its determinant is not equal to zero, which implies that the coefficient matrix of the CCD system is non-singular. Thus, the CCD linear system (3.16) is uniquely solvable. This completes the proof of the theorem.
Numerical experiments
In this section, four numerical experiments are provided to verify the high accuracy of the proposed CCD-TVD method. All numerical experiments were carried out under MATLAB 2016a on a desktop with 4.00GHz Intel i7-4790K and 16GB RAM. Example 1. In this example, we consider the 1D coupled Burgers' equation [41] :
with the following initial condition u(x, 0) = sin(πx), x ∈ (0, 1),
The exact solution is given by
Re t)n sin(nπx) a 0 + Σ ∞ n=1 a n exp(−n 2 π 2 1 Re t)n cos(nπx) and the Fourier coefficients In this problem, we set v = 1, ∆t = 0.00001, ∆x = 0.0125 for all numerical methods. Table 1 lists our results and results obtained by researchers [42] [43] [44] Example 2. In this example, we solve the coupled 2D Burgers' equations [27, 29] 
with the following exact solutions:
u(x, y, t) = − 4π Table 2 show that the current CCD-TVD method is third-order accurate for time variable, and sixth-order accurate for space variable. 
and the following exact solutions [45] u(x, y, z, t) = Table 3 and Table 4 present the results obtained by the CCD-TVD method for Example 3 and Example 4, respectively. From these two tables, it is also shown that the spatial accuracy is sixth-order, and the temporal accuracy is third-order.
Conclusions
An efficient spatial sixth-order CCD-TVD method has been developed to solve the multi-dimensional Burger's equation in this paper. This method is verified to be sixth-order accurate in space variable and third-order accurate in time variable. Moreover, the unique solvability of the CCD system is obtained under non-periodic boundary conditions. Existing theoretical works on the CCD method are focused on solving the differential equations subject to periodic boundary conditions [36, 46] . The convergence analysis for the CCD scheme will be our future objective.
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